In this paper, we establish some fixed point theorems for a family of multivalued maps under mild conditions. By using our fixed point theorems, we derive some maximal element theorems for a particular family of multivalued maps, namely the Φ-condensing multivalued maps. As applications of our results, we prove some general equilibrium existence theorems in the generalized abstract economies with preference correspondences. Further applications of our results are also given to minimax inequalities for a family of functions.
Introduction
In [3] , Border not only gave a wide list of applications of fixed point theorems to, say, general equilibrium theorem in economics, but, more interesting, it is also proved that some result appearing in economics about the existence of equilibria is indeed equivalent to some classical fixed point theorem coming from pure mathematics. Thus, in a way, we could say that not only such results in pure mathematics (namely, fixed point theorems) have applications in some other sciences or disciplines (e.g., game theory, optimization theory, and economics), but actually starting from contexts of other disciplines (e.g., economics) we can restate and reobtain classical results in mathematics.
It is well known that the famous Browder fixed point theorem [4] is equivalent to a maximal element theorem (see [28] ). In the last decade, many generalized forms of Browder fixed point theorem are used to establish the maximal element theorems for a family of multivalued maps. Such kind of maximal element theorems are useful to establish the existence of a solution of abstract economies or generalized games, system of variational inequalities, etc; see, for example, [6] [7] [8] [9] [15] [16] [17] [18] [19] 27, 29, 30] and references therein. The Browder fixed point theorem has also been generalized for a family of multivalued maps with applications to maximal elements theory, generalized games or abstract economies, system of variational inequalities, etc; see, for example, [1, 2, 7, 8, 14, 23, 29] and references therein.
Motivated by the fact that any preference of a real agent could be unstable by the fuzziness of consumers' behaviour or market situations, Kim and Tan [13] introduced the generalized abstract economies with general preference correspondences and proved the existence of their solution by using the Himmelberg fixed point theorem and the EilenbergMontgomery fixed point theorem.
In this paper, we establish some fixed point theorems for a family of multivalued maps under weaker assumptions than in [1, 14] and references therein. Our fixed point results can be seen as generalizations of Browder fixed point theorem. By using our fixed point results, we derive some maximal element theorems for a particular family of multivalued maps, namely the Φ-condensing multivalued maps. As applications of our maximal element theorems, we prove some general equilibrium existence theorems in the generalized abstract economies with preference correspondences. Further applications of our results are also given to minimax inequalities for a family of functions. The results of this paper are more general than the ones given in the literature.
Preliminaries
Let X and Y be nonempty sets. Let M be a nonempty subset of X and T : X → 2 Y a multivalued map. Then for all x ∈ X and y ∈ Y , we have T (M) = {T (x): x ∈ M} and x ∈ T −1 (y) if and only if y ∈ T (x). It is easy to see that cint D is a compactly open set in X and for each nonempty compact
Let X and Y be topological spaces and T : X → 2 Y a multivalued map, then T is said to be transfer compactly open valued on X (see [12] ) if for every x ∈ X and for all compact
. T is said to be transfer open valued on X if for every x ∈ X, y ∈ T (x), there exists a pointx ∈ X such that y ∈ int T (x).
Let X be a topological space. A real-valued function f : X → R is said to be lower semicontinuous atx ∈ X if for every ε > 0, there exists an open neighborhood U ofx such
f is said to be lower semicontinuous on X if it is lower semicontinuous at each point of X.
Let X be a convex subset of a vector space. A function f : X → R is said to be quasiconvex on X if for any
Throughout this paper, all topological spaces are assumed to be Hausdorff. By using the argument of Lemma 2.1 in [5] , it is easy to derive the following result. 
Definition 2.1 [21] . Let E be a topological vector space and let C be a lattice with a minimal element, denoted by 0. A mapping Φ : 2 E → C is called a measure of noncompactness provided that the following conditions hold for any M, N ∈ 2 E : (a) Φ (co M) = Φ(M), where co M denotes the closed convex hull of M;
Definition 2.2 [21] . Let E be a topological vector space, X ⊆ E, and let Φ be a measure of noncompactness on E. A multivalued map (correspondence) T :
Remark 2.1. Note that every multivalued map defined on a compact set is Φ-condensing for any measure of noncompactness Φ. If E is locally convex, then a compact multivalued map (i.e., T (X) is precompact) is Φ-condensing for any measure of noncompactness Φ.
Lemma 2.3 [18] . Let X be a nonempty, closed, and convex subset of a topological vector space E. Let Φ be a measure of noncompactness on X. Let T : X → 2 X be a Φ-condensing multivalued map. Then there exists a nonempty compact convex subset K of X such that
Remark 2.2. In [18] , E is assumed to be a locally convex topological vector space, but Lemma 2.3 is true for any topological vector space as we can see in the proof.
Fixed point theorems for a family of multivalued maps
Throughout the paper, we shall use the following notations. Let I be any index set. For each i ∈ I , let E i be a topological vector space and let X i be a nonempty subset of E i . Let X = i∈I X i and X i = j ∈I, j =i X j , and we write X = X i ⊗ X i . Theorem 3.1. For each i ∈ I , let X i be a nonempty convex set in a topological vector space E i and let K i be a nonempty compact subset of X i . Let X = i∈I X i and K = i∈I K i . For each i ∈ I , let S i , T i : X → 2 X i be multivalued maps satisfying the following conditions:
Then there existsx ∈ X such thatx i ∈ T i (x) for each i ∈ I .
Proof.
Since for each i ∈ I ,
and K is a nonempty compact subset of X, for each i ∈ I , there exists M i ∈ X i such that
Since L M is compact, for each i ∈ I , there exists a finite set N i = {y
Since L M is compact, there also exists a continuous partition of unity {β
where e (j ) i is the j th unit vector in R n i +1 and ∆ n i denotes the standard n i -simplex. Then clearly for each i ∈ I , ϕ i is continuous.
For each i ∈ I , define a map g i :
0 for each i ∈ I , 1 j n i + 1 and
For each i ∈ I , let E i be the smallest finite-dimensional vector space containing ∆ n i and C = i∈I ∆ n i . Then C is a compact convex subset of a locally convex Hausdorff topological vector space. Define two maps h :
where z i is the ith projection of z. Since for each i ∈ I , g i and ϕ i are continuous, h and Ψ are also continuous.
Let F = Ψ • h; then F : C → C is a well-defined and continuous function. By Tychonoff's fixed point theorem [26] , there existsū 
For each i ∈ I , there exist a nonempty compact convex subset C i ⊆ X i and a nonempty compact subset K of X such that for all x ∈ X \ K and for each i ∈ I , there exists
Proof. For each i ∈ I and for all
The result follows from Theorem 3.1. ✷ When I is a singleton set, the following result is a consequence of Corollary 3.1.
Corollary 3.2.
Let X be a nonempty convex subset of a topological vector space E. Let S, T : X → 2 X be multivalued maps satisfying the following conditions:
is transfer compactly open valued on X; (iii) There exist a nonempty compact convex subset C ⊆ X and a nonempty compact subset
Then there existsx ∈ X such that S(x) = ∅.
Maximal element theorems for a family of multivalued maps
If we have a multivalued map (correspondence) S on a set X and there is an element x ∈ X such that S(x) is empty, then, in a way, such element x is "maximal." This situation is specially interesting when the multivalued map (correspondence) S is associated to a strict ordering ≺ defined on X so that S(x) is the "upper contour set" of the element x, i.e., S(x) = {z ∈ X: x ≺ z}. This scope is frequently encountered in the literature concerning ordered sets, see, for example, [19, 25, 28, 29] and references therein. The existence of maximal elements for multivalued mappings in topological vector spaces and its important applications to mathematical economies have been studied by many authors in both mathematics and economies, see, for example, [6] [7] [8] [9] [10] 16, 18, 19, [28] [29] [30] and references therein.
In 1983, Yannelis and Prabhakar [28] generalized the previous results in the literature on the existence of maximal elements over compact subsets of Hausdorff topological vector spaces. It is well known that each fixed point theorem has an equivalent version of a maximal element theorem. Recently, Deguire and Yuan [8] and Deguire et al. [9] established several results for the existence of a maximal element for the family of multivalued maps.
In this section, we prove the existence of a maximal element for a particular family of multivalued maps, namely the Φ-condensing multivalued maps defined on a product of noncompact sets. Then there existsx ∈ X such that S i (x) = ∅ for each i ∈ I .
Proof. For all x ∈ X and for each i ∈ I (x), define two multivalued maps
Further, we define other two multivalued maps F, G : X → 2 X by
and
To complete the proof, it is sufficient to show that I (x) = ∅ for somex ∈ X. Suppose otherwise that I (x) = ∅ for all x ∈ X. Fix an arbitrary x ∈ X; since I (x) = ∅, there exists For each i ∈ I (x), letŷ = (y i ,ŷ i ), where y i ∈ X i is a fixed element. Now
This shows that A
and thus
Hence F −1 is transfer compactly open valued on X.
By condition (iv), for all x ∈ X \ K and for each i ∈ I (x), there existsỹ i ∈ C i such that
It follows from Corollary 3.2 that there existsẑ ∈ X such that F (ẑ) = ∅. Since I (ẑ) = ∅, S i (ẑ) = ∅ and A i (ẑ) = ∅ for all i ∈ I (ẑ), and therefore F (ẑ) = i∈I (ẑ) A i (ẑ) = ∅ which contradicts with F (ẑ) = ∅. Therefore, there existsx ∈ X such that I (x) = ∅ which implies that S i (x) = ∅ for each i ∈ I . ✷ Remark 4.1. If for each i ∈ I , X i is nonempty compact convex subset of a topological vector space then the conclusion of Theorem 4.1 holds without condition (iv).
Theorem 4.2. For each i ∈ I , let X i be a nonempty closed convex subset of a topological vector space E i . Let X = i∈I X i and let Φ be a measure of noncompactness on E = i∈I E i . For each i ∈ I , let S i , T i : X → 2 X i be multivalued maps satisfying the following conditions: (i) For each i ∈ I and for all x ∈ X, co S i (x) ⊆ T i (x); (ii) For each i ∈ I and for all x ∈ X, x i / ∈ T i (x) and S

−1 i
is transfer compactly open valued on X i ; (iii) For all x ∈ X, I (x) = {i ∈ I : S i (x) = ∅} is finite; (iv) T := i∈I T i : X → 2 X defined as T (x) = i∈I T i (x), is Φ-condensing.
Then there existsx ∈ X such that S i (x) = ∅ for each i ∈ I .
Proof. Since T : X → 2 X is Φ-condensing, it follows from Lemma 2.3 that there exists a compact convex subset K of X such that T (K) ⊆ K. Then the conclusion follows from Theorem 4.1. ✷ Theorem 4.3. For each i ∈ I , let X i be a nonempty closed convex subset of a topological vector space E i . Let X = i∈I X i and let Φ be a measure of noncompactness on E = i∈I E i . For each i ∈ I , let S i : X → 2 X i be a multivalued map satisfying the following conditions:
Then there existsx ∈ X such that S i (x) = ∅ for each i ∈ I .
Proof. For each i ∈ I , define T i : X → 2 X i by T i (x) = co S i (x). By condition (iv) and Lemma 2.3, there exists a nonempty compact convex subset K of X such that S(K) ⊆ K.
Let K i be the ith projection of K. Then K i is a compact convex subset of X i and (ii ) For each i ∈ I and for all x ∈ X such that S i (x) = ∅, there exists y i ∈ X i such that x ∈ cint S −1
i (y i ).
Indeed, let x ∈ X and x ∈ S When I is a singleton, we have the following result.
Corollary 4.1. Let X be a nonempty closed convex subset of a topological vector space E
and let Φ be a measure of noncompactness on E. Let S : X → 2 X be a multivalued map satisfying the following conditions:
is transfer compactly open valued on X; (iii) S is Φ-condensing.
Then there existsx ∈ X such that S(x) = ∅. 
Generalized abstract economies
Because of the fuzziness of consumers' behaviour or market situations, in a real market, any preference of a real agent would be unstable. Therefore, Kim and Tan [13] introduced the fuzzy constraint correspondences in defining the following generalized abstract economy.
Let I be any set of agents (countable or uncountable). For each i ∈ I , let X i be a nonempty set of actions available to the agent i in a topological vector space E i and X = i∈I X i . A generalized abstract economy (or generalized game) Γ = (X i , A i , F i , P i ) i∈I [13] is defined as a family of ordered quadruples (X i , A i , F i , P i ), where A i : X → 2 X i is a constraint correspondence such that A i (x) is the state attainable for the agent i at x, F i : X → 2 X i is a fuzzy constraint correspondence such that F i (x) is the unstable state for the agent i, and P i : X × X → 2 X i is a preference correspondence such that P i (x) is the state preference by the agent i at x. An equilibrium for Γ is a point (x,ȳ) ∈ X × X such that for each i ∈ I ,x i ∈ A i (x),ȳ i ∈ F i (x), and P i (x,ȳ) ∩ A i (x) = ∅.
If for each i ∈ I and each x ∈ X, F i (x) = X i and the preference correspondence P i satisfies P i (x, y) = P i (x, y ) for each x, y, y ∈ X, our definitions of a generalized abstract economy and an equilibrium coincide with the usual definitions of an abstract economy and an equilibrium due to Shafer and Sonnenschein [22] .
As applications of Theorem 4.1, we derive the following general equilibrium existence results for the generalized abstract economies with infinitely many commodities and infinitely many agents, and with general preference correspondences. 
Then there exists (x,ȳ) ∈ X × X such that for each i ∈ I ,x i ∈ A i (x),ȳ i ∈ F i (x), and
From conditions (i) and (iii), we have co S i (x, y) ⊆ T i (x, y) and (x i , y i ) /
∈ T i (x, y) for each i ∈ I and for all (x, y) ∈ X × X. For each i ∈ I and for any (u i , v i ) ∈ X i × X i , we have is transfer compactly open valued on X i × X i . From condition (iv), we obtain
Theorem 4.1 implies that there exists (x,ȳ) ∈ X × X such that S i (x,ȳ) = ∅ for each i ∈ I . If (x,ȳ) / ∈ W j for some j ∈ I , then either A i (x) = ∅ or F i (x) = ∅ which contradicts the fact of A i (x) and F i (x) being nonempty for all x ∈ X. Therefore (x,ȳ) ∈ W i for each i ∈ I , and thusx i ∈ A i (x),ȳ i ∈ F i (x), and A i (x) ∩ P i (x,ȳ) = ∅. ✷ Theorem 5.2. For each i ∈ I , let X i be a nonempty closed convex subset of a topological vector space E i , X = i∈I X i , A i : X → 2 X i a multivalued map, P i : X × X → 2 X i a preference correspondence, and F i : X → 2 X i a fuzzy constraint correspondence. Let Φ be a measure of noncompactness on E = i∈I E i . For each i ∈ I , assume that the following conditions hold: 
Then there exists
, and 
Then there existsx ∈ X such that for each i ∈ I ,x i ∈ A i (x) and A i (x) ∩ P i (x) = ∅.
Minimax inequalities
From now on, unless otherwise specified, we shall assume that the set F i = {x ∈ X: x i ∈ B i (x)} is compactly closed. Proof. For each i ∈ I and for all x ∈ X, define P i : X → 2 X i by
By condition (ii), for each x ∈ X and for each i ∈ I , P i (x) is convex and
is open in X for all y i ∈ X i and for each i ∈ I . For each i ∈ I , we define other multivalued maps T i , S i : X → 2 X i by
Since for each i ∈ I and for all x ∈ X, P i (x) is convex, it follows from condition (i) that co S i (x) ⊆ T i (x). Since for each i ∈ I , F i is compactly closed in X, it is easy to see that
is compactly open in X for every y i ∈ X i and also for each i ∈ I and for all x ∈ X, x i / ∈ T i (x). Theorem 4.1 implies that there existsx ∈ X such that S i (x) = ∅ for each i ∈ I . Ifx ∈ X \ F j , for some j ∈ I , then A j (x) = S j (x) = ∅ which contradicts with A i (x) is nonempty for all i ∈ I and x ∈ X. Thereforex ∈ F i for all i ∈ I . Proof. In view of Theorem 4.2, it is sufficient to show that the multivalued map S : X → 2 X defined as S(x) = i∈I S i (x) for all x ∈ X, is Φ-condensing, where S i 's are the same as defined in the proof of Theorem 6.1. By the definition of S i , S i (x) ⊆ A i (x) for all i ∈ I and for all x ∈ K and therefore S(x) ⊆ A(x) for all x ∈ X. Since A is Φ-condensing, by Remark 2.1, we have that S is also Φ-condensing. ✷ Remark 6.1. (a) If for each i ∈ I , X i is a compact convex subset of topological vector space and for all x ∈ X, A i (x) = B i (x) = X i , then Theorems 6.1 and 6.2 reduce to the theorem of equilibria of Nash [20] .
(b) Theorems 6.1 and 6.2 generalize Theorem 4.2 in [2] for noncompact setting. Proof. Following the argument of Theorems 6.2 and 6.3, we get the conclusion. ✷
